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.
Ll $A$ $m\mathrm{x}n$ , $B$ $n\cross m$ . , $m\cross m$ AB
$n\cross n$ $BA$ 0 .
AB $\lambda\neq 0$ . $\lambda$ $u\neq 0$
$Bu\neq 0$ ,
$BA(Bu)=B(ABu)=\lambda B\mathrm{t}\mathit{1}$
$\lambda$ $BA$ . . $\square$
. Deift [D]
.
L2 (Deiffi) $H$1, $H_{2}$ Hilbert . $A$ : $\mathcal{H}_{1}arrow H_{2}$
, $A^{*}$ : $H_{2}arrow \mathcal{H}_{1}$ . , 2
$X=A^{*}A|$ (KerA’A) $Y=AA^{*}|(\mathrm{K}\mathrm{e}\mathrm{r}$ AA. .
$A$ $A=U|A|$ . $\overline{U}=U|(\mathrm{K}\mathrm{e}\mathrm{r}$ A , $\overline{U}$ $(\mathrm{K}\mathrm{e}\mathrm{r}A)^{[perp]}=$
( $\mathrm{K}\mathrm{e}\mathrm{r}$ A*A) $(\mathrm{K}\mathrm{e}\mathrm{r}A^{*})^{[perp]}=$ ( $\mathrm{K}\mathrm{e}\mathrm{r}$ AA*) ,
$A^{*}A|($Ker $A^{\mathrm{t}}A)^{[perp]}=|A|^{2}|($Ker $A)^{[perp]},$ $AA^{*}|$ (Ker44’)” $=\overline{U}|A|^{2}|($Ker
$4)^{[perp]\overline{U}’}$
. $\square$
12 $A^{*}A$ AA* (Reed-





$L^{2}$ $L^{2}$ ([a, $b]$ ) 1 $A$ :
$Au= \frac{1}{i}\frac{d}{dx}u$ , $D(A)=\{u\in H^{1}([a, b]) ; u(a)=u(b)=0\}$ .
$A$ $A^{*}$ :
$A^{*}u= \frac{1}{i}\frac{d}{dx}$ u, $D(A^{*})=H^{1}([a,b])$ .
, $AA^{*},$ $A$*A \Delta $=- \frac{d^{2}}{dx^{2}}$ ,
$D(A^{*}A)=\{u\in D(A);Au\in D(A^{*})\}=\{u\in H^{2}([a,b]) ; u(a)=u(b)=0\}$ ,
$D(AA^{*})=\{u\in D(A^{*});A^{*}u\in D(A)\}=\{u\in H^{2}([a,b]);u’(a)=u’(b)=0\}$
. , $A^{*}A$ Dirichlet \Delta D , $AA^{*}l\mathrm{h}$ Neumann
$-\Delta^{N}$ . , $\Delta^{D}$ $\Delta^{N}$ {0}




$AA^{*}=A^{*}A+cI$ ($c>0,$ $I$ ) (1)
. $.\#$‘ $H= \frac{1}{2}(AA^{*}+A^{*}A)$ .
L3 $\mathcal{H}$ {0} Hilbert , $H$ $A$
(1) . :
(i) $\sigma(H)=\{(n-\frac{1}{2})c|n=1,2, . . .\}$ .
(ii) $H_{n}= \mathrm{K}\mathrm{e}\mathrm{r}(H-(n-\frac{1}{2})c$) ,
$A|_{\mathcal{H}_{n}}$ : $?t_{n}arrow Tt_{n-1}$ , $(n\geq 2)$ , $A|_{\mathcal{H}},$ $=0$ ,
$A$‘ , : $\mathcal{H}_{n}arrow$ }$l_{n+1}$ , .
$H_{n}$ $n$ .
Birman-Solomjak [B-S] Chapter 12 Lemma 3 ([B-S] (1)
Bose commutation relations ). $\square$
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. , maximal
( $L^{2}$ ) .
1.
$H=- \frac{d^{2}}{dx^{2}}+x2,$ $A=x+ \frac{d}{dx}$ $A^{*}=x- \frac{d}{dx}$ on $L^{2}(R)$ .
$c=2$ , $\sigma(H)=\{2n-1 ; n=1,2, . . .\}$ .
2. $R^{2}$
, $D_{x}= \frac{1}{i}\partial$x’ $D_{y}= \frac{1}{i}\partial$y . $a=(a_{x}, a_{y})\in C^{1}$ (R2; $R^{2}$ )
,
$H=\Pi_{x}^{2}+\Pi_{y}^{2}$ , $\Pi_{x}=D_{x}+a_{x},$ $\Pi_{y}=D_{y}+a_{y}$ , on $L^{2}(R^{2})$ (2)
.
rot $a(z):=\partial_{x}$ay(z) $-\partial_{y}$a$x$ (z), $z=(x, y)\in R^{2}$
rot $a$ $R^{2}$ ,
$A=i\Pi_{x}+\Pi_{y}$ , $A^{*}=-i\mathrm{r}\mathrm{i}x+\Pi_{y}$ (3)
,
$H= \frac{1}{2}(AA^{*}+A^{*}A)$ , $AA^{*}=A^{*}A+2$ rot $a$ , (4)
. 0 $B$
rota $=B$ (5)
, $B>0$ , $c=2B$ , $\sigma(H)=$
$\{(2n-1)B ; n=1,2, . . .\}$ . , $B<0$ $B>0$
,
$\sigma(H)=\{(2n-1)|B| ; n=1,2, \ldots\}$
. $\sigma(H)$ , .
(3) Shape invariance
$H=\{(x, y)\in R^{2} ; y>0\}$
$H_{B}=y^{2}(D_{x}-a_{x})^{2}+y^{2}(D_{y}-a_{y})2$, on $L^{2}(H;y^{-2}dxdy)$ (6)
. $B$ 0 , $(a_{x}, a,)$
1-form $a$ =ax$dx+a_{y}dy$ $H$ $y^{-2}d$xdy $B$ ,
rot $a(z)= \frac{B}{y^{2}}$ , $z=(x, y),$ $y>0$ (7)
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(’ ’ ). $H_{B}$
$B$ . $A$
A=y(D $a_{1}$ ) $+iy(D_{y}-a_{2})$




( $\simeq$ ). ,
$\sigma$(H$B$ ) $=[B^{2}+1/4, \infty)$ , $|$B $| \leq\frac{1}{2}$ ,
mult{lBl; $H_{B}$ } $=\infty$ , $|$B$|> \frac{1}{2}$
. , mult 1
$\sigma(H_{B})$ ( Roelcke [R], Elstrodt[E] ).
1.4 .
$\sigma(H_{B})=\{$
$[B^{2}+1/4, \infty)$ $|B|\leq 1/2$ ,
$\sigma L(B)\cup[B^{2}+1/4, \infty)$ $|B|>1/2$ .
, $N$ (B) $|B|- \frac{1}{2}$ ,
$\sigma$L $(B)= \bigcup_{l=0}^{N(B)}\{(2l+1)|B|-l(l+1)\}$ .
, ( [S],
[O], - [N-N] $)$ , non-linear oscflator (Speliotopoulos
[Sp] $)$ , SuperSymmetric Quantum Mechanics (SUSY $\mathrm{Q}\mathrm{M}$) Witten Index






rot $a(z)=B+o(1)$ , $|$ Z $|arrow$ (X). (8)
, (2), (3) $H,$ $A$ :
$A^{*}A=H-B+o(1),$ $AA^{*}=H+B+o(1),$ $|$ z $|arrow$ op. (g)
, (Weyl
). $S=\sigma_{\mathrm{e}\mathrm{s}\mathrm{s}}(H)$ , L2 (9) ,
$S\backslash \{B\}=S+2B$
. $S\neq\emptyset$ , [I]
.
2.1( ) $H$ (2)
, rot $a$ $B\neq 0$ (8) .





2.2( - ) $H_{B}$ (6) $H$
, rot $a$
rot $a(z)= \frac{B+B_{0}(z)}{y^{2}}$
. , $B$ , $B_{0}(z)$ $H$ 0
. , :
‘e (”B) $=\{$
$[B^{2}+1/4, \infty)$ $|B| \leq\frac{1}{2}$






(2) , rot $a$ $\delta$
. $\Gamma=\{z_{j}\}_{j=1}^{N}$ ( $N=\infty$ ) $R^{2}$ ,
$R:= \inf_{j\neq k}|zj-z_{k}|>0$ (10)
. $a\in C$“ $(R^{2}\backslash \Gamma;R^{2})\cap L_{1\mathrm{o}\mathrm{c}}^{1}(R^{2};R2)$ ,
rot $a(z)=B+ \sum_{j=1}^{N}2\pi\alpha j\delta(z-zj)$ (11)
. (11) Schwartz . $B,$ $\alpha_{j}$
, ( ) , $B$
$-B$ , $\alpha_{j}$ $\alpha_{j}+m_{j}$ (mj ) . $\alpha_{j}=0$
,
$B>0$ , $0<\alpha_{j}<1,$ $j=1,$ $\ldots$ , $N$
.
, $a$ (z) ( [A], Melgaard-Ouhabaz-
Rozenblum [M-O-R] ). $R^{2}$ $C$ . Mittag-Leffler
, $\psi(z)$ , $\Gamma$ , $z=z_{j}$
$-\alpha$
.
. , $\phi(z)=\frac{B\overline{z}}{2}+\psi(z)$ ,




, minimal operator $L$
$Lu=\mathcal{L}$u, $D(L)=C_{0}^{\infty}(R^{2}\backslash \Gamma)$
. $a$ (z) $\Gamma$ Lllo , $L$
, . , $L$
$\Gamma$ . , $L$




$H$ $H^{AB}$ , $I$
$X$ , $N$(L $X$) $=\dim$ Ran $P_{I}(X)(P_{I}$ (X) $X$ $I$ l
) .
(2) $N$
3.1 $1\leq N<\infty$ . , :
(i) $L$ $H$ ,
$N(\{(2n-1)B\} : H)=\infty$ , $n=1,2,3,$ $\ldots$ .
(ii) $H^{AB}$ ,
$N((-\infty,B)$ ; $H^{AB}$) $=0$ ,
$N(((2n-1)B,(2n+1)B)$ ; $H^{AB}$) $\leq nN,$ $n=1,2,3,$ $\ldots$ .
(iii) $L$ $H$ ,
$N((-\infty, B)$ ; $H$) $\leq 2N$,
$N(((2n-1)B, (2n+1)B)$ ; $H$) $\leq(n+1)N,$ $n=1,2,3,\ldots$ .
1. $N=1$ , $((2n-1)B, (2n+1)B)$ $H^{AB}$ , $n$
$(2n+2\alpha_{1}-1)B$ ( [N], $\mathrm{E}\mathrm{x}\mathrm{n}\mathrm{e}\mathrm{r}-\check{\mathrm{S}}\mathrm{t}’ \mathrm{o}\mathrm{v}\acute{\mathrm{l}}\check{\mathrm{c}}\mathrm{e}\mathrm{k}- \mathrm{V}\mathrm{y}\mathrm{t}\check{\mathrm{r}}a\mathrm{s}$ [E-S-V] ).
2. $\alpha_{j}$ , $n$ , $R$ (\"u)
, (iii)




$\omega Z$ , $\omega\neq 0$ ( 1 )
$2\omega_{1}Z\oplus 2\omega_{3}Z$ , ${\rm Im}\omega_{3}/\omega_{1}>0$ ( 2 )
, $\gamma\in\Gamma$ $2\pi\alpha$
.
rot $a(z)=B+2 \pi\alpha\sum_{\gamma\in\Gamma}\delta(z-\gamma)$ .
2 $\Gamma$ , $\Omega$ $\Gamma$
$\Omega=R^{2}/\Gamma\simeq\{2s\omega_{1}+2t\omega_{3}$ ; $- \frac{1}{2}<s\leq\frac{1}{2’}-\frac{1}{2}<t\leq\frac{1}{2}$ }
, $|\Omega|$ $\Omega$ , .
3.2 $\Gamma$ 1 , $H$ $L$ ,
. , $n$ , $(2n-1)B$ $H$ .
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3.3 $\Gamma$ 2 ,
$\frac{|\Omega|B}{2\pi}+\alpha=\frac{p}{q}\in Q$ (p, $q$ , $q\geq 1$ ) (12)
. , .
(i) $n$ $n<\Omega 2\mathit{2}$ . , $(2n-1)B$ $H^{AB}$
.
(ii) $H$ $L$ , . $n$ $n<\mathrm{L}^{\Omega}\mathrm{L}^{B}-2\pi 1$










. , $\partial_{z}=\underline{\partial_{x}}i\partial\overline{A2}$ , $\partial_{\overline{z}}=\ovalbox{\tt\small REJECT}\underline{\partial_{x}}+i\partial 2^{\cdot}$ $A,$ $A\dagger$
$Au=Au,$ $A^{\mathrm{t}}u=A^{\dagger}u,$ $D(A)=D(A^{\mathrm{t}})=D(L)$
. ,
$L=A^{\uparrow}A+B=AA^{\mathfrak{j}}-B,$ $A^{*}\supset A^{\uparrow},$ $A^{\uparrow*}\supset A$
. , $X\supset Y$ $D(X)\supset D$ (Y) $X|_{D(Y)}=Y$ .
, 4




von Neumann ( $[\mathrm{R}$-S2] ). $L$
$L^{*}$ , $N\pm=\mathrm{K}\mathrm{e}\mathrm{r}(L^{*}\mp i)$ , $n\pm=\dim N$\pm
. $\mathcal{L}$ $D’(R^{2}\backslash \Gamma)$ ,
$L^{*}u=\mathcal{L}$u, $D(L^{*})=\{u\in L^{2}(R^{2}) ; \mathcal{L}u\in L^{2}(R^{2})\}$
48
, $D(L)=C_{0}^{\infty}(R^{2}\backslash \Gamma)$ ( , $L^{*}t\mathrm{h}$ maximal
operator ). $\text{ }$ , $N_{\pm}$ $\mathcal{L}$ , $\pm i$ , $L^{2}(R^{2})$
.
4.1 :
(i) $D(L^{*})=D(\overline{L})\oplus N+\oplus N-\cdot$
(\"u) $n+=n_{-}$ .
(iii) $U$ $N_{-}$ $N+$ ,
$H^{U}u=\mathcal{L}u$ , $D$ (H$U$ ) $=$ { $u_{0}+u_{-}+Uu_{-}$ ; $\in D(\overline{L}),$ $u_{-}\in N-$ }
$H^{U}$ $L$ . , $L$
$H$ $N-\mathrm{B}^{\mathrm{a}}$ $N+$ $U$ $H=H^{U}$
.
(i)[$\mathrm{R}$-S2] 138 Lemma .
(ii) [$\mathrm{R}$-S2] 136 Theorem X.1, Corollary .
(iii) [$\mathrm{R}$-S2] 140 Theorem X.2, $\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{o}\mathbb{I}\mathrm{a}\mathrm{r}\mathrm{y}$ . $\square$
(1) $N=1$
$N=1$ $L,$ $H,$ $A,$ $A\dagger$ $L_{1},$ $H_{1},$ $A_{1},$ $A_{1}^{\uparrow}$ .
$z_{1}=0$ , $\alpha_{1}=\alpha$ .
$\phi(z)=\frac{B\overline{z}}{2}+\frac{\alpha}{z}$
,
$L_{1}=(D_{x}- \frac{B}{2}y-\frac{\alpha y}{|z|2})^{2}+(D_{y}+\frac{B}{2}x+\frac{\alpha x}{|Z|2})^{2}$
. $z=re^{\theta}\dot{.}$
$L_{1}=- \frac{1}{r}\partial_{r}$r$\partial,$ $+ \frac{1}{r^{2}}(\frac{1}{i}\partial_{\theta}+\alpha+\frac{B}{2}r^{2})^{2}$
. , 4.1 $L_{1}$
. , $B=0$ Adami-Teta [A-T],
$\mathrm{D}\mathrm{a}\mathrm{b}\mathrm{r}\mathrm{o}\mathrm{w}\mathrm{s}\mathrm{k}\mathrm{i}-\check{\mathrm{S}}\mathrm{t}’ \mathrm{O}\mathrm{V}\acute{\mathrm{l}}\check{\mathrm{c}}\mathrm{e}\mathrm{k}$ [D-S] , $B\neq 0$ $\mathrm{E}\mathrm{x}\mathrm{n}\mathrm{e}\mathrm{r}-\check{\mathrm{S}}\mathrm{t}’ \mathrm{O}\mathrm{V}\acute{\mathrm{l}}\check{\mathrm{c}}\mathrm{e}\mathrm{k}- \mathrm{V}\mathrm{y}\mathrm{t}\check{\mathrm{r}}\mathrm{a}\mathrm{s}$[E-S-V]
. [E-S-V] ,
4.2(Exner, $\check{\mathrm{S}}\mathrm{t}’ \mathrm{o}\mathrm{v}\mathrm{f}\check{\mathrm{c}}\mathrm{e}\mathrm{k},$ $\mathrm{V}$ytras) :
(i) $L_{1}$ $(2, 2)$ .
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(ii) $u\in D(L_{1}^{*})$ , $z=re^{i\theta}$ ($r\geq 0,$ $\theta$ \in R)
$u(r, \theta)=c_{1}r^{\alpha-1}e^{-i\theta}+c_{2}r^{1-\alpha}e-i\theta+c3r\alpha+c4r-\alpha+\xi$ , (14)
$c_{1},$ $c$2, $c_{3},$ $c_{4}\in C,$ $\xi\in D$ (L1) .
(iii) $D(L_{1}^{*})$ $u$ , (14) $(c_{1}, c_{2}, c_{3}, c_{4})$ : $D(L_{1}^{*})arrow$
$C^{4}$ . $4\cross 4$ $M$ , $H_{1}^{M}$
$H_{1}^{M}u=\mathcal{L}_{1}$ u, $D(H_{1}^{M})=\{u\in D(L_{1}^{*}) :\overline{=}u\in \mathrm{R}\mathrm{a}\mathrm{n}M\}$
. , $H_{1}^{M}$ ,
rankM $=2,$ $M^{*}J_{\alpha}M=0$ (15)
. , $J_{\alpha}$ $4\cross 4$ :
$J_{\alpha}=4 \pi(1\frac{0}{0,0}\alpha\alpha-1000-\alpha 000\alpha 000)$
, $L_{1}$ $H_{1}^{M}$ .
4.2 (iii) $u$ $u$ 0 . 4 $\phi_{-1}$ ,
$\psi_{1},$ $\phi 0,$ $\psi 0$ ,
$\phi_{-}10)$ $=|$z $|^{\alpha}z^{-1}=r^{\alpha-1}e-i\theta$ , $\psi$1 $(z)=|$ z $|^{-\alpha}\overline{z}=r^{1-\alpha}e^{-i\theta}$ , (16)
$\phi 0(z)=|$ z $|^{\alpha}=r^{\alpha}$ , $\psi 0(z)=|$zI$\alpha_{=r}-\alpha$
, , . (14)
$D(L_{N}^{*})=D(\overline{L_{N}})\oplus \mathrm{L}\cdot \mathrm{h}\cdot$ { $\phi_{-1},\psi$b $\phi$0, $\psi$0}
. , L. $\mathrm{h}$ . (linear hull)
[E-S-V] 4.1 (iii) 4.2 (iii) ,
4.1 $\iota$
4.2(iii) $D(L_{1}^{*})$ $u,$ $v$ ,
$[u, v]1=(\mathcal{L}_{1}u,v)-$ ($u,$ $\mathcal{L}_{1}$v)
. $u\in D(\overline{L_{1}})$ $v\in D(\overline{L_{1}})$ $[u, v]_{1}=0$ . $L\subset H\subset L^{*}$
$H$ ,






$\mathrm{d}$ , $\mathrm{c}=--u-,$ $\mathrm{d}$ = $v$ (18)





( $e^{i\alpha\theta}$ $0\leq\theta<2\pi$ ),
$U\phi_{-1}=z^{\alpha-1},$ $U\psi_{1}=\overline{z}^{1-\alpha}$ , $U\phi_{0}=z^{\alpha},$ $U\psi_{0}=\overline{z}^{-\alpha}$ ,
$UA_{1}U^{-1}=2 \partial_{z}+\frac{B}{2}z$-, $UA_{1}^{1}U^{-1}=-2 \partial_{\overline{z}}+\frac{B}{2}z$
. $u=\phi_{-1},$ $v=\psi_{1}$ ,
$(\mathcal{L}_{1}u,v)-$ ( $u,\mathcal{L}_{1}$ v)
$= \frac{1}{2i}$ \sim im7$|z|\geq$’($\overline{U\mathcal{L}_{1}u}$U$v-Uu$U
$\mathcal{L}$1v)d$\overline{z}\wedge dz$
$= \frac{1}{2i}\lim_{\epsilonarrow 0}\int_{|z|\geq\epsilon}(((2\partial_{\overline{z}}+\frac{B}{2}z)$(-2a$z+ \frac{B}{2}\overline{z}$ ) $\overline{Uu})Uv$
$- \overline{Uu}((2\partial_{z}+\frac{B}{2}\overline{z})(-2\partial_{\overline{z}}+\frac{B}{2}z)Uv))d\overline{z}\wedge dz$
$=- \frac{1}{i}\lim_{\epsilonarrow 0}\int_{|z|=\epsilon}($.( $(-2 \partial_{z}+\frac{B}{2}\overline{z})\overline{Uu}$) $Uvdz+ \overline{Uu}((-2\partial_{\overline{z}}+\frac{B}{2}z)Uv)d\overline{z})$
$=- \frac{1}{i}\lim_{\epsilonarrow 0}\int_{|z|=\epsilon}\{(\frac{B}{2}\epsilon^{2})z^{-1}dz+(-2(1-\alpha)+\frac{B}{2}\epsilon^{2})\overline{z}^{-1}d\overline{z}\}$
$=4\pi(\alpha-1)$
(18) . , $\mathcal{L}_{1}=A_{1}A_{1}^{\dagger}-B$ ,
Stokes , $\int_{|z|=\epsilon}$ .
.
, (17) (18)
$D$ ((.H ”) ={$u\in D(L^{*})$ ; t uJ v $=0,$ $\forall v\in D(H^{M})$}
$=\{u\in D(L^{*}) ; t\overline{---u}J_{a}M\mathrm{c}=0, \forall \mathrm{c}\in C^{4}\}$
$=\{u\in D(L^{*}) ; ---u\in \mathrm{K}\mathrm{e}\mathrm{r}(M^{*}J_{\alpha})\}$
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. ,
$(H^{M})^{*}=H^{M}$ $\Leftrightarrow$ Ran $M=\mathrm{K}\mathrm{e}\mathrm{r}\mathrm{J}1’I^{*}J_{\alpha}$ (20)
$\Leftrightarrow$ rae M =2, $M^{*}J_{\alpha}M=O$ . (21)
. , $L$ $H$ , $M$
$D(H)$ $H=H^{M}$ .
4.3 $L_{1}$ $H_{1?}^{+}H_{1}^{-}$
HlAB=Al* $+B=A_{1}^{\dagger}\overline{A_{1}^{\dagger}}-*B$ , (22)
$H_{1}^{+}=\overline{A_{1}}A_{1}^{*}-B$ , $H_{1}^{-}=\overline{A_{1}^{\uparrow}}A_{1}^{\uparrow*}+B$ (23)
. f
$D(H_{1}^{AB})=D(\overline{L_{1}})\oplus \mathrm{L}\cdot \mathrm{h}\cdot\{\phi_{0},\psi 1\}$ , (24)
$D(H_{1}^{+})=D(\overline{L_{1}})\oplus \mathrm{L}\cdot \mathrm{h}\cdot\{\phi_{-1},\phi 0\}$ , (25)
$D(H_{1}^{-})=D(\overline{L_{1}})\oplus \mathrm{L}\cdot \mathrm{h}\cdot${ $\psi_{1},\psi$o}. (26)
$H^{+},$ $H$
- (23) , $\overline{A_{1}}A_{1}^{*}-B,$ $\overline{A_{1}\dagger}A_{1}\uparrow*+B$
$L_{1}$ .
(22) . [ $\mathrm{R}$-S2] Theorem X.25 , $A_{1}^{*}\overline{A_{1}}$
$Q(A_{1}^{*}\overline{A_{1}})$ $D(\overline{A_{1}})$ . , $u\in D$ (L1) ,
$(L_{1}u, u)=((A_{1}^{\dagger}A_{1}+B)u, u)=||$A1u $||^{2}+B||$u $||^{2}$ ,
, $L_{1}$ Friedrichs $H_{1}^{AB}$ $A_{1}$
. 2 $A_{1}^{*}\overline{A_{1}}+B$ $H_{1}^{AB}$
, $A_{1}^{*}\overline{A_{1}}+B=H_{1}^{AB}$ . $L_{1}=A_{1}A_{1}^{\dagger}-B$
, $A_{1}^{1^{*}}\overline{A_{1}^{\uparrow}}-B=H_{1}^{AB}$ .
,
$Q(H_{1}^{AB})=D(\overline{A_{1}})=D(\overline{A_{1}^{\uparrow}})\subset\{u\in L^{2} ; A_{1}u\in L^{2}, A_{1}^{\dagger}u\in L^{2}\}$
. ,
$D(H_{1}^{AB})\subset Q(H_{1}^{AB})\cap D(L_{1}^{*})\subset\{u\in D(L_{1}^{*});A_{1}u\in L^{2}, A_{1}^{\mathrm{t}}u\in L^{2}\}$ (27)
.
$D(H_{1}^{+})=D(\overline{A_{1}}A_{1}^{*})=\{u\in D(A_{1}^{*}) ; A_{1}^{\dagger}u\in D(\neg A_{1}\}$
$\subset\{u\in D(L_{1}^{*});A_{1}^{\mathrm{t}}u\in L^{2}, A_{1}^{\uparrow 2}u\in L^{2}\}$ , (28)
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$D(H_{1}^{-})=D(\overline{A_{1}^{\mathrm{t}}}A_{1}^{\dagger})*=\{u\in D(A_{1}^{\mathrm{t}^{*}}) ; A_{1}u\in D(\overline{A_{1}^{1}})\}$
$\subset\{u\in D(L_{1}^{*}) ; A_{1}u\in L^{2}, A_{1}^{2}u\in L^{2}\}$. (29)
. (19) , (27), (28), (29) (24),
(25), (26) . (24), (25) $)$ (26)
, $\mathcal{L}_{1}$






4.1 $U,$ $V$ $R^{2}$ , $w\in R^{2}$ $V=U+w$
. $a\in L_{1\mathrm{o}\mathrm{c}}^{1}(U;R2)$ , $b\in L_{1\mathrm{o}\mathrm{c}}^{1}(V;R2)$ $U,$ $V$
$C^{\infty}$ ,
rot $a(z)=\mathrm{r}\mathrm{o}\mathrm{t}b(z+w)$ , $z\in U$




G $a)t_{-w}=t_{-w}$ $( \frac{1}{i}$ $+b)$ : $\mathcal{L}(a)t_{-w}=t_{-w}\mathcal{L}(b)$ (30)
$\mathcal{L}(a)=(\frac{1}{i}$ $a)^{2},$ $\mathcal{L}(b)=(\frac{1}{i}$ $b)^{2}$ . $t_{-w}$ ,
$\mathcal{L}(b)$ $\mathcal{L}(a)$ (intertwine) $V$ $U$ (magnetic
translation operator) .
$\chi\in C_{0}^{\infty}(R^{2})$
$0\leq\chi\leq 1$ , $\chi(z)=\{$
1, $|z|\leq R/3$ ,
0, $|z|\geq R/2$




. , $t_{-z}j$ $\mathcal{L}$ $\mathcal{L}_{1^{j}}^{\alpha}$ ( $\mathcal{L}_{1}$ $\alpha=\alpha j$ )
$\{|z-zj|<\frac{R}{2}\}$ $\{|z|<\frac{R}{2}\}$ . $T$
$T:D(L^{*})/D( \overline{L})\ni[u]\mapsto\bigoplus_{j=1}^{N}[T_{j}u]\in\bigoplus_{j=1}^{N}D(L_{1}^{\alpha}j’)/D(\overline{L_{1}^{\alpha}j})$
. , Hilbert $X$ $Y$ $X/Y$ Hilbert
, $X/Y$ ( )
$||$ [x] $||X/\mathrm{Y}=\mathrm{i}y$nf $||x+y||_{X}=||$Px $||$ X, $x\in X$
. $[x]$ $x$ , $P$ $Y$
-




. Leibniz rule $u\in D(L^{*})$ $\mathcal{L}_{1^{j}}^{\alpha}T_{j}u\in L^{2}(R^{2})$ ,
$T_{j}u\in D(L_{1}^{\alpha_{J}*})$ . , $u\in D(L)=C_{0}^{\infty}(R^{2}\backslash \Gamma)$ ,
$T_{j}u\in D(L_{1}^{\alpha}j)=C_{0}^{\infty}(R^{2}\backslash \{0\})$ . , (31), Leibniz
, $C$ , $j=1,$ $\ldots,$ $N$ $u\in D(L^{*})$
$|| \mathcal{L}_{1}^{\alpha_{j}}T_{j}u||^{2}\leq C\int_{|z-z_{j}|<\frac{R}{2}}(|\mathcal{L}u|^{2}+|u|^{2})dxdy$ (32)
$\hslash\dot{\backslash }\text{ _{}1}\text{ _{}-}^{}‘ \text{ }\mathrm{B}^{\mathrm{a},}’\overline{\tau\backslash }\text{ }(\text{ }[\mathcal{L}_{1}^{\alpha_{j}},\chi 2_{j}l\mathrm{f}\text{ }\mathrm{A}).\epsilon \mathrm{k}\text{ }T_{j}\ovalbox{\tt\small REJECT}\mathrm{h}D(L^{*})\mathrm{B}_{1}\check{\mathrm{b}}D(L_{1})^{\text{ }}.\text{ }\mathrm{F}_{\mathrm{b}},\text{ }\ovalbox{\tt\small REJECT} \text{ }\mathrm{p}\text{ ^{}\backslash },u\in D()\text{ }|^{\wedge}\text{ _{}\backslash }\text{ },$
$[\mathrm{C}- \mathrm{N}]\text{ }(2.31)\text{ _{}\overline{\mathrm{f}\mathrm{I}}}\Pi \text{ ^{}\overline{\frac{}{3}}}\mathrm{f}\mathrm{f}\mathrm{l}_{\frac{}{L}}\mathrm{f}\mathrm{f}\mathrm{l}\text{ }\hat{\uparrow\tau}\acute{\mathrm{X}}$
$T_{j}u\in D(\overline{L_{1}^{\alpha_{j}}})$ . (32)
$\sum_{j=1}^{N}||[T_{j}u]||^{2}D(L_{1}^{\alpha_{j^{*}}})/D(\overline{L_{1}^{\alpha_{\mathrm{j}}}})$
$\leq$ $\sum_{j=1}^{N}(||\mathcal{L}_{1}^{\alpha_{j}}T_{j}u||^{2}+||T_{j}u||^{2})\leq(C+1)(||\mathcal{L}u||^{2}+||u||^{2})$
. , $T$ well-defined .
$T$ $T^{-1}$
$T^{-1}( \bigoplus_{j=1}^{N}[u_{j}])=\sum_{j=1}^{N}t_{z_{j}}\chi$uj’ $u_{j}\in D(L_{1}^{\alpha_{j^{*}}})$ (33)
54
. , $u_{j}$ $||[u_{j}]||D(L_{1}^{\alpha_{g}*})/D(\overline{L_{1}^{\alpha_{j}}})=||u_{j}||_{D(L_{1}^{a_{g}}}$.) $\sim\not\in$)
( , Hilbert $D(L_{1}^{\alpha_{j^{*}}})$ $D(\overline{L_{1}^{\alpha_{j}}})$ ) . (33) $T$
$u\in D(L^{*})$ $\mathrm{s}\mathrm{t}(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p} u, \Gamma)>0$ $u\in D(\overline{L})$
( , $R^{2}$
( - [I-K] ) ).
(32) $C$
$||\mathcal{L}$ (t$zj\chi$uj) $||^{2}\leq C||uj||_{D(L_{1}^{a_{j^{*}}})}^{2}$
, $T^{-1}$ .
4.5 $1\leq N\leq\infty$ , $L$ $(2N, 2N)$ .
4.1 (ii) , $n\pm=\dim N$\pm $n+=n_{-}$ .
4.2 (i) , $\dim D(L_{1}^{\alpha}j^{*})/D(\overline{L_{1}^{\alpha}\mathrm{j}})=4$ . , 4.4 $n++n_{-}=$
$\dim D(L^{*})/D(\gamma L=4N$ , . $\square$
$L$ . $N=\infty$ ,
.
4.6 $\alpha_{-},$ $\alpha$+ ,





. , $t_{z}j$ $t_{-z_{j}}$ , $\alpha j$ $\phi_{-1},$ $\ldots$
$\alpha$ .
4.7 $1\leq N\leq\infty$ , 4.6 . :
(i) $u\in D(L^{*})$
$u= \sum_{j=1}^{N}(c_{j,1}\phi_{-1}^{(j)}+_{\mathrm{C}j,2}\psi_{1}^{(j)}+_{Cj,3}\phi_{0j,4}^{(j)}+c\psi_{0}^{(j)})+\xi$ (34)
. , $\xi\in D(\overline{L})$ , $N=\infty$ $\Sigma_{j,k}|cj,k|^{2}<\infty$
(34) $D(L^{*})$ .
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(ii) (34) $(c_{1,1}, \ldots, c_{N,4})\in C^{4N}$ ($N=\infty$ $C^{4N}=l^{2}$ (N) )
$C^{4N}$ $M$
Ran $M$ : closed, $\mathrm{K}\mathrm{e}\mathrm{r}M^{*}J=\mathrm{R}\mathrm{a}\mathrm{n}M$ (35)
. , $J$ $4N\cross 4N$ $C^{4N}$
:
$J=(\begin{array}{llll}J_{\alpha} O \cdots OO J_{\alpha_{2}} O,\cdot \cdots \cdots \cdots O J_{\alpha_{N}}\end{array})$
$H^{M}$
$H^{M}u=\mathcal{L}$u, $D(H_{M})=\{u\in D(L^{*}) ;-- -u\in \mathrm{R}\mathrm{a}\mathrm{n}M\}$ (36)
, $H^{M}$ $L$ . $L$
.
, $L^{*}$ $||u||L*=||\mathcal{L}u||^{2}+||u||^{2}$ . 4.6 ,
$C_{1}$
$\max${ $||\phi_{-1}^{(j)}||_{L^{*}},$ $||\psi_{1}^{(j}$ ) $||_{L^{*}},$ $||\phi$y) $||_{L^{1}}$ , $||\psi_{0}^{(j}$ ) $||_{L}.$ } $\leq C_{1}$ (37)
$j$ , (19) .
(i) $u\in D(L^{*})$ , $—Tju=^{t}$ (cj,1, $cj,2,$ $cj,3,$ $cj,4$ ) ( $(L_{1}^{\alpha}j)^{*}$ 0
) , (18)
$\mathrm{C}j,1=\frac{1}{4\pi(1-\alpha)}[\psi_{1’ j}^{\alpha}jTu]_{1}$ , $Cj,2= \frac{1}{4\pi(\alpha-1)}[\phi_{1’ j}^{\underline{\alpha}}jTu]_{1}$,
$Cj,3= \frac{1}{-4\pi\alpha}[\psi_{0,j}^{\alpha}jTu]_{1}$ , $cj,4= \frac{1}{4\pi\alpha}[\phi_{0}^{\alpha}j,Tju]_{1}$
. 4.6, (32), (37) Schwarz , $C_{2}$
$|c_{j,1}|^{2}+|c_{j,2}|^{2}+|c_{j,3}|^{2}+|c_{j,4}|^{2} \leq C_{2}\int_{|z-z_{j}|<\frac{R}{2}}(|\mathcal{L}u|^{2}+|u|^{2})dxdy$ (38)




$l^{2}(N)$ . (37) ,
$u’= \sum_{j=1}^{\infty}(c_{j,1}\phi_{-1}^{(j)}$ +cj,2\psi 1(j $+c_{j,3}\phi_{0}^{(j\rangle}+c_{j,4}\psi_{0}^{(j\rangle}$ )
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$D(L^{*})$ ( $j$ $D(L^{*})$
). , $j$ Tj(u-u/) $=0$
, 4.2(ii) $T_{j}(u-u’)\in D(\overline{L_{1}^{\alpha_{j}}})$ , $T([u-u’])=0$ .
4.4 $T$ $[u-u’]=0$, $\xi=u-u’\in D(\overline{L})$ . ,
(34) $T_{j}$ Tju $=^{t}$ (cj,1, $c_{j,2},$ $c_{j,3},$ $c_{j,4}$ ) .
(ii) $u,$ $v\in D(L^{*})$ $[u, v]_{N}=(\mathcal{L}u, v)-$ ( $u,$ $\mathcal{L}$v) ,
$[u,v]N=^{t}$cJd, $\mathrm{c}=---u,$ $\mathrm{d}=---v$ ,
, $t_{-z}j$ (31) (18) . 4.2 (iii)
( , (20) ). $\square$
, $—ju=(cj,1, \ldots, c_{j,4})\in C^{4}$ $z_{j}$ $u$ .
4.2 $L$ $H$ , $H$
:
(i) $\alpha$ , $\alpha j=\alpha$ $j=1,$ $\ldots,$ $N$ .
(ii) (15) 4 $\mathrm{x}4$ $M$ ,
$D(H)=$ {$u\in D(L^{*})$ ; —ju $\in \mathrm{R}\mathrm{a}\mathrm{n}M,$ $\forall j=1,2,$ $\ldots$ , $N$}
. , $—ju$ $zj$ $u$ .
4.2 $H$ $M$ , $M$ $N$ $4N\cross 4N$





$A_{1}^{\alpha\dagger}j\prime t_{-z_{j}}=t_{-z_{j}}A$ \dagger , in $\{|z-zj|<\frac{R}{2}\}$ (39)
. , $N\geq 2$ 4 (13)
.






$D(H^{AB})=D(\overline{L})\oplus_{j=1}^{N}\oplus \mathrm{L}\cdot \mathrm{h}\cdot\{\phi_{0}^{(j)},\psi_{1}^{(j)}\}$ , (42)
$D(H^{+})=D(\overline{L})\oplus_{j=1}^{N}\oplus \mathrm{L}\cdot \mathrm{h}\cdot\{\phi_{-1}^{(j)},\phi_{0}^{(j)}\}$ , (43)
D $(H^{-})=D(\overline{L})\oplus_{j=1}^{N}\oplus L\mathrm{h}\cdot$ { $\psi$ , $\psi_{0}^{(j)}$ }. (44)
57
4.3 , (29) $H_{1}^{\#}(\#=AB, +,-)$ , $A$ 1, $A_{1}^{\dagger}$ $H\#,$ $A,$ $A\dagger$
,
$D(H^{AB})\subset\{u\in D(L^{*}) ; Au\in L^{2}, A^{\uparrow}u\in L^{2}\}$ , (45)
$D(H^{+})\subset\{u\in D(L^{*})jA^{\uparrow}u\in L^{2}, A^{\dagger^{2}}u\in L^{2}\}$, (46)
$D(H^{-})\subset\{u\in D(L^{*}) ; Au\in L^{2}, A^{2}u\in L^{2}\}$ (47)
. (45), (46), (47) (42), (43), (44) , (39)
$N=1$ . , $\mathcal{L}$ (42), (43), (44)
4.7 ,
. $\square$




5.1 $S$ Hilbert , $(n, n)$ , $n<\infty$
. $X,$ $Y$ $S$ . , :
(i) $X$ $Y$ .
(ii) $I$ , $N(I; X)<\infty$ . $N$(L $Y$) $<$
$\infty$ ,
$|N$(I; $X$ ) $-N$(I; $Y$ ) $|\leq d$
. ,
$d=\mathrm{d}\mathrm{i}$m $D(X)/(D(X)\cap D(Y))=\dim D(Y)/(D(X)\cap D(Y))$ .
(i) Weidmann[W] Theorem 8.17 .
(ii) [W] Exercise 8.8 ( ,
, ). $\square$






$\overline{A\dagger}$ 1.2 , (40), (41)
$(H^{AB}+B)|_{(\mathrm{K}\mathrm{e}\mathrm{r}(H^{AB}+B))}[perp]\simeq(H^{-}-B)|_{(\mathrm{K}\mathrm{e}\mathrm{r}(H^{-}}$ -B))
( $\simeq$ ). (48) $\mathrm{K}\mathrm{e}\mathrm{r}(H^{AB}+B)=\{0\}$ . ,
$H^{AB}+2B$ $\simeq H^{-}|$ (Ker(H–B)) $[perp]$ (49)
.
$n=0,1$ , $2,$ $\ldots$ , $a_{n}=N$ ($((2n-1)B, (2n+1)B)$ ; $H^{AB}$) $\text{ }$ . (48)
$=0$ (50)
. (49) ,
$a_{n-1}=N$ ($((2n-1)B, (2n+1)B)$ ; $H^{-}$), $n=1,2,$ $\ldots$ (51)
. , (42), (44)
d $D$ (H$AB)/(D$ (H$AB$ ) $\cap D(H^{-}))=N$
. , 5.1
$a_{n}\leq a_{n-1}+N,$ $n=1,2,\ldots$
. (50) (ii) .
$L$ $(2N, 2N)$ , $L$ $H$
$\dim D(H)/(D(H)\cap D(H^{-}))\leq 2N$
. , 5.1(ii)
$N((-\infty, B)$ ; $H$) $\leq N((-\infty, B)$ ; $H^{-}$ ) $+2N=2N$,
$N(((2n-1)B,(2n+1)B)$ ; $H$) $\leq N(((2n-1)B, (2n+1)B)$ ; $H^{-}$ ) $+2N$
$\leq(n-1)N+2N=(n+1)N$
. , (ii) (51) . (iii) .
(i) , 5.1(i) $R$ $S$ , $L$
$H$ , S=\sigma 8 (H) . (49)
$S+2B=S\backslash \{B\}$ (52)
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. $B$ Weyl $\{u_{n}\}$ ( $\{u_{n}\}$ $||(H-B)u_{n}||arrow$
$0$ ) , $B\in S$ . (52)
,
$S=\sigma_{\mathrm{e}\mathrm{s}\mathrm{s}}(H)=\{(2n-1)B ; n=1,2, \ldots\}$ (53)
. , (ii), (iii)
, . $\square$
(2)
3.3 ( 3.2 , ) ,




. $\zeta(z)$ Weierstrass $\zeta$ . \gamma =2m\mbox{\boldmath $\omega$}l+2\mbox{\boldmath $\tau$} $3\in\Gamma$
$(m, n\in Z)$ ,
$t_{\gamma}u(z)=e^{-i{\rm Im}(_{2}^{\underline{B}}2_{z+2\alpha(m\eta_{1}+n\eta_{3})z)}}u(z-\gamma)$ ,
$\eta 1=\zeta(\omega 1)$ , $\eta 3=\zeta(\omega 3)$
.
5.2(i) $\gamma\in\Gamma$ ,
$t_{\gamma}A=At_{\gamma}$ , $t_{\gamma}A^{\dagger=}A^{\dagger}t_{\gamma}$ , $t_{\gamma}\mathcal{L}=\mathcal{L}$t,.




$|\begin{array}{ll}\eta_{1} \eta_{3}\omega_{1} \omega_{3}\end{array}|=\frac{\pi i}{2}$ . (Legendr )
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(12) . $\Gamma$ $\overline{\Gamma}=\nu_{1}Z\oplus\nu_{3}Z(\nu_{1}=2q\omega_{1}$ ,
$\nu_{3}=2\omega_{3})$ . $\overline{\Gamma}$ $\overline{\Omega}$
$\overline{\Omega}=\{2s\omega_{1}+2t\omega_{3} ; -\frac{1}{2}<s\leq q-\frac{1}{2}, -\frac{1}{2}<t \leq\frac{1}{2}\}$







. , 5.2(i) , $A,$ $A^{\uparrow},$ $\mathcal{L}$ .
, $z=$ $(x, y)$ , $z’=(x^{t}, y’)$ , $z\cdot z’:=xx’+$ yy’ $\text{ }\cdot\overline{\Gamma}$
$\tilde{\Gamma}^{*}=Z\nu_{1}^{*}\oplus Z\nu_{3}^{*}(\nu_{j}\cdot\nu_{k}^{*}=\cdot 2\pi\delta_{jk})$ ,
$\tilde{\Omega}^{*}=R^{2}/\tilde{\Gamma}^{*}\simeq\{s\nu_{1}^{*}+t\nu_{3}^{*} ; -\frac{1}{2}<s \leq\frac{1}{2}, -\frac{1}{2}<t\leq\frac{1}{2}\}$
. $\theta\in\tilde{\Omega}^{*}$ . Hflbert $\mathcal{H}_{\theta}$
H\mbox{\boldmath $\theta$}={u\in Ll2o (R2); $T_{\gamma}u=e^{i\theta^{\gamma}}.u,$ $\forall\gamma\in\overline{\Gamma}$ },
$||u||_{\mathcal{H}_{\theta}}^{2}= \int_{\tilde{\Omega}}|u|^{2}dxd^{y}$
. $L_{\theta},$ $A$ \mbox{\boldmath $\theta$}, $A_{\theta}^{\uparrow}$
$L_{\theta}u=\mathcal{L}$u, $A_{\theta}u=A$u, $A_{\theta}^{\dagger}u=A^{\uparrow}u$ ,
$D(L_{\theta})=D(A_{\theta})=D(A_{\theta}^{\uparrow})=D_{\theta}$ ,
$D_{\theta}=\{u\in C^{\infty}(R^{2})\cap H_{\theta} ; \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}u\cap\Gamma=\emptyset\}$
. 5.2(i) , $L_{\theta},$ $A$ \mbox{\boldmath $\theta$}, $A_{\theta}^{\uparrow}$ $D_{\theta}$
. $L_{\theta}$ , $H_{\theta}$ , Friedrichs
$H_{\theta}^{AB}$ , .
$L_{\theta}=A_{\theta}^{1}A_{\theta}+B=A_{\theta}A^{\mathfrak{j}}-B$ , $A_{\theta}^{*}\supset A_{\theta}^{\uparrow}$ , $A_{\theta}^{\uparrow*}\supset A_{\theta}$ .
, .
5.3 :
(i) $L_{\theta}$ $(2q, 2q)$ .




(iii) $\dim D(H_{\theta}^{AB})/$ ( $D(H_{\theta}^{AB})$ $D(H_{\theta}^{-})$ ) $=q$ .
.
5.4(Weyl Asymptotics) $L_{\theta}$ $H_{\theta}$
, $k$ $\lambda_{k}$ (\mbox{\boldmath $\theta$}) , $\lambda_{k}(\theta)arrow\infty(karrow\infty)$ .
.
$\ovalbox{\tt\small REJECT}\frac{N((-\infty,\lambda]\cdot H_{\theta})}{\lambda},=\frac{q|\Omega|}{4\pi}$ . (56)
5.1 (ii) 5.3 (i) $H_{\theta}=H_{\theta}^{AB}$ .
$Xt_{\theta}$
$\overline{\Omega}$
$L^{2}(\overline{\Omega})$ $j=0,1$ , . . . , $2q-1$ ,
$\overline{\Omega_{j}}=\{2s\omega_{1}+2t\omega_{3}$ ; $\frac{j-1}{2}<s$ $< \frac{j}{2},$ $- \frac{1}{2}<t$ $< \frac{1}{2}$1
. $\overline{\Omega_{j}}$ , $z\in\overline{\Omega_{j}}$ rot $a(z)=B$ . ,
$\Psi_{j}\in C^{\infty}(\overline{\Omega_{j}})$ , $|\Psi_{j}(z)|=1(z\in\overline{\Omega_{j}})$ $\overline{\Omega_{j}}$
$\Psi_{j}\mathcal{L}\Psi_{j}^{-1}=$ $( \frac{1}{i}$ $a_{0})^{2}$ , $a_{0}=(- \frac{By}{2},$ $\frac{Bx}{2})$
. $L^{2}(\overline{\Omega_{j}})$ $h_{j}^{D},$ $h_{j}^{N}$
$h_{j}^{D}[v]=||\text{ }v||^{2}$ , $Q(h_{j}^{D})=C_{0}^{\infty}(\overline{\Omega_{j}})$
$h_{j}^{N}[v]=||\text{ }v||^{2}$ , $Q(h_{j}^{N})=C^{\infty}(\overline{\Omega_{j}})-$
($Q$ (h) $h$ ). , $C^{\infty}(\overline{\Omega_{j}})-$ $-\overline{\Omega_{j}}$
$C^{\infty}$
$\Omega_{j}$ $h_{j}^{D}$








. $A_{j}=\mathrm{s}\mathrm{u}\mathrm{p}_{z\in\overline{\Omega_{j}}}|a_{0}$ (z)| , $\epsilon$
$\sum_{j=0}^{2^{q}-1}$ ( $(1+\epsilon)h_{j}^{D}[v_{j}]+$ ( l $+\epsilon^{-1}$ ) $A_{j}^{2}||vj||^{2}) \geq h_{\theta}^{AB}[U^{-1}\bigoplus_{j=0}^{2^{q-}1}vj],$ $v_{j}\in Q(h_{j}^{D})$ ,
$\sum_{j=0}^{2^{q}-1}((1-\epsilon)h_{j}^{N}[\Psi_{j}u|_{\overline{\Omega_{j}}}]-\epsilon^{-1}A_{j}^{2}||\Psi ju|_{\overline{\Omega_{j}}}||^{2})\leq h_{\theta}^{AB}[u],$
$u\in Q(h_{\theta}^{AB})$
Schwarz . , $h_{\theta}^{AB}$ $H_{\theta}^{AB}$
. , Colin de Verdi\‘ere [C] lemme 5.1 , $\lambda$
$\sum_{j=0}^{2^{q}-1}N((-\infty,$
$\frac{\lambda-(\epsilon^{-1}+1)A_{j}^{2}}{1+\epsilon}]$ . $-\Delta_{j}^{D})$
$\leq N((-\infty, \lambda]$ ; $H_{\theta}^{AB}$ ) $\leq\sum_{j=0}^{2^{q}-1}N((-\infty,$ $\frac{\lambda+\epsilon^{-1}A_{j}^{2}}{1-\epsilon}]$ ; $-\Delta_{j}^{N})$ (57)
. (57) $\lambda$ , $H_{\theta}^{AB}$
, $\lambda_{k}(\theta)arrow\infty(karrow\infty)$ . , (57) Dirichlet,
Neumann Weyl Asypmtotics (56) . $\square$
, $H$ , $M$ $4\cross 4$
( 4.2 ). , $H$ . , $\theta\in\tilde{\Omega}^{*}$
, $H_{\theta}$
$H_{\theta}u=\mathcal{L}$u, $D(H_{\theta})=\{u\in D(L_{\theta}^{*}) ;-- -\gamma u\in \mathrm{R}\mathrm{a}\mathrm{n}M, \forall\gamma\in\Gamma\}$ (58)
. , $—_{\gamma}u$ $u$ $\gamma$ . $L_{\theta}$
4.7 , $H_{\theta}$ $H_{\theta}$
.
5.5 $H_{\theta}$ (58) . , :
(i) $H_{\theta}$ $k$ $\lambda_{k}$ (\mbox{\boldmath $\theta$}) $\theta$ .
(ii) $H$ Hilbert $\int_{\tilde{\zeta \mathrm{l}}\mathrm{r}}^{\oplus}\mathcal{H}_{\theta}d\theta/|\tilde{\Omega}^{*}|$ $\int\frac{\oplus}{\Omega}*H_{\theta}d\theta/|\tilde{\Omega}^{*}|$
( $[\mathrm{R}$-S4] XIII.16 ).
(iii) $\sigma(H)=\bigcup_{\theta\in\tilde{\Omega}^{*}}\sigma(H_{\theta})$ .
(iv) $\lambda$ , $\theta\in\overline{\Omega}^{*}$ $H_{\theta}$ . , $\lambda$ $H$
.
(i) $\theta\in\overline{\Omega}^{*}$ , $\Psi_{\theta}\in C^{\infty}(R^{2})$ . -\Omega \tilde --
$C^{\infty}$




$\Psi_{\theta}(z-\gamma)=e^{i\theta^{\gamma}}.\Psi_{\theta}(z)$, $z\in R^{2},$ $\gamma\in\Gamma$
$\Psi_{\theta}$
$R^{2}$ . $\partial\tilde{\Omega}$ $\Psi_{\theta}$ $e^{-i\theta\cdot z}$
, $\Psi_{\theta}$ $R^{\mathit{2}}$ $C^{\infty}$ .
, $D(H_{\theta})=\Psi_{\theta}D$ (H0) . , $v\in D$ (Ho) ,
$\Psi_{\theta}^{-1}H_{\theta}\Psi_{\theta}v=\mathrm{C}\frac{1}{i}$ $a-\eta\theta-(\theta\cdot z)\text{ }\eta)^{2}v$
, $\theta$ $C^{2}$ , $\{\Psi_{\theta}^{-1}H_{\theta}\Psi_{\theta}\}_{\theta\in \mathrm{C}^{2}}$
Analytic family of Type (A) ( $[\mathrm{R}$-S4], 16 ) . $\Psi_{\theta}^{-1}H_{\theta}\Psi_{\theta}$ $H_{\theta}$
, $k$ $\lambda_{k}$ (\mbox{\boldmath $\theta$}) . $\lambda_{k}$ (\mbox{\boldmath $\theta$}) $\theta$
( ).
(ii) $\theta\in\tilde{\Omega}^{*}$ $u\in L^{2}(R^{2})$ ,
$\mathcal{F}_{\theta}u(z)=\sum_{\gamma\in\tilde{\Gamma}}e^{i\theta^{\gamma}}.T_{-\gamma}u(z)$
. , $T_{\gamma}\mathcal{F}_{\theta}u=e^{i\theta\cdot\gamma}\mathcal{F}_{\theta}u$ , $\mathcal{F}_{\theta}u\in \mathcal{H}_{\theta}$ . [ ,
$\int_{\tilde{\Omega}^{*}}||\mathcal{F}_{\theta}u||_{\mathcal{H}_{\theta}}^{2}\frac{d\theta}{|\tilde{\Omega}^{*}|}=\int_{\tilde{\Omega}^{\wedge}}\int_{\tilde{\Omega}}|\sum_{\gamma\in\overline{\Gamma}}e^{i\theta\cdot\gamma}T_{-\gamma}u(z)|^{2}dz\frac{d\theta}{|\overline{\Omega}^{*}|}$
$=$ $\int_{\tilde{\Omega}}|\sum_{\gamma\in\overline{\Gamma}}T_{-\gamma}u(z)|^{2}dz=||u||_{L^{2}}^{2}$ (59)








, $\mathcal{F}$ $L^{2}(R^{2})$ $\int_{\tilde{\Omega}^{*}}^{\oplus}H_{\theta}d\theta/|\overline{\Omega}^{*}|$ . , $\mathcal{F}$
$v \in\int_{\Omega^{\mathrm{r}\mathrm{r}}}^{\oplus}H_{\theta}d\theta/|\tilde{\Omega}^{*}|$
$\mathcal{F}^{-1}v(z)=\int_{\tilde{\Omega}^{*}}v(z, \theta)\frac{d\theta}{|\tilde{\Omega}^{*}|}$ (60)
( $z,$ $\theta$ $C^{\infty}$ $v$
) , $\mathcal{F}$ .
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, $u\in D(L^{*})$ . $T_{-\gamma}$ $\mathcal{L}$ ,
$\mathcal{L}hu=\mathcal{F}_{\theta}\mathcal{L}u\in \mathcal{H}_{\theta}$ (61)
. , $\mathcal{F}_{\theta}u\in D(L_{\theta}^{*})$ . (59) (61) , $L^{*}$ $L_{\theta}^{*}$
$\text{ }$ ,
$||u||_{L^{*}}^{2}= \int_{\overline{\Omega}^{*}}||\mathcal{F}_{\theta}u||_{L_{\theta}^{*\ovalbox{\tt\small REJECT}}}^{2}$
. , $\mathcal{F}$ $D(L^{*})$ $\int_{\overline{\Omega}}$. $D(L_{\theta}^{*})d\theta/|\overline{\Omega}^{*}|$ ,
(60) FID(L. .
, $u\in D$ (H) ,
F\mbox{\boldmath $\theta$}u $=—\gamma$ \Sigma -ei0 $\circ$7’I ,,u $= \sum_{-}e^{i\theta^{\gamma}-}.--\gamma+\gamma’u\in \mathrm{R}\mathrm{a}\mathrm{n}M$
$\gamma’\in\Gamma$ $\gamma’\in\Gamma$
, $\mathcal{F}_{\theta}u\in D$(H,) . $u$ $D$ (H) , $\mathcal{F}$
$D(L^{*})$ $\int_{\tilde{\Omega}^{*}}D(L_{\theta}^{*})d\theta/|\overline{\Omega}^{*}|-$ , $\mathcal{F}|_{D(H)}$ $D$ (H)
$\int\sim\sim$. $D(H_{\theta})d\theta/|\Omega^{*}|$ , (60)
$\mathcal{F}D(H)=\int_{\tilde{\Omega}}$ . $D(H_{\theta})d\theta/|\overline{\Omega}^{*}|$
. (61) .
(iii)(i), (ii) [$\mathrm{R}$-S4] Theorem XIII.85(d) .
(iv) $\lambda$ . (ii) [$\mathrm{R}$-S4] Theorem XIII.85 (e)
, $\lambda$ $H$ . $u\neq 0$ , $\{T_{\gamma}u\}_{\gamma\in\tilde{\Gamma}}$
, $H$ $\lambda$ . $\lambda$ $H$
.
3.3 , .
5.6 $\theta\in\overline{\Omega}^{*},$ $\lambda$ \in R ,
$N((-\infty, \lambda]$ ; $H_{\theta}^{AB}$) $\leq N((-\infty, \lambda]$ ; $H_{\theta}^{-}$). (62)
[$\mathrm{R}$-S2, Theorem X.25] , $\vee\supset$ $X$
$Q(X^{*}X)=D$ (X) . , $Q(H:^{B})=Q(A_{\theta}^{1^{*}}\overline{A_{\theta}^{\dagger}})=D(\overline{A_{\theta}^{\dagger}}),$ $Q(H_{\theta}^{-})=$
$Q(\overline{A_{\theta}^{1}}A_{\theta}^{\uparrow*})=D(A_{\theta}^{\uparrow*})$ . $Q(H_{\theta}^{-})\supset Q(H_{\theta}^{AB})$ , $u\in D_{\theta}=D(A\dagger)$
$(H_{\theta}^{-}u, u)=(H_{\theta}^{AB}u, u)$ , $H_{\theta}^{AB}$ $H_{\theta}^{-}$
. , $H_{\theta}^{AB}\geq H_{\theta}^{-}$ .
, min-max . $\square$
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$5\cdot 7$ $I$ $L_{\theta}$ $H_{\theta}$ ,
$|$N(I; $H_{\theta}^{AB}$) $-N(I ; H_{\theta}^{-})|\leq q$, (63)
$|N$(I; $H_{\theta}$ ) $-N(I;H_{\theta}^{-})|\leq 2^{q}$ . (64)
5.1 (ii) 5.3 (i), (iii) .
$3\cdot 3$ $n=1,2$ , .. .
$a_{n}=N$ ($\{(2n-1)B\}$ ; $H_{\theta}^{AB}$),
$b_{n}=N(((2n-1)B, (2n+1)B)$ ; $H_{\theta}^{AB})$








. , $n=2,3$ , . . . ,
$a_{n-1}=N$ ($\{(2n-1)B\}$ ; $H_{\theta}^{-}$),
$b_{n-1}=N(((2n-1)B, (2n+1)B)$ ; $H_{\theta}^{-})$
.
$=N(\{B\} ; H_{\theta}^{-})$ ,




$b_{n}\leq b_{n-1}+q$ , $n=1,2,$ $\ldots$
,






$b_{n-1}+a_{n}\leq a_{0},$ $n=1,2,$ $.$ . . (70)
. , $I=[B, (2n-1)B]$ (63) 51
$b_{n-1}+an+q$ $\geq a0,$ $n=1,2,$ $\ldots$
. , (56)
$\lim_{\iotaarrow\infty}\frac{a_{1}+b_{1}+\cdots+b_{n-1}+a_{n}}{(2n-1)B}=\frac{q|\Omega|}{4\pi}$ (72)
. (70), (71), (72)
$a_{0}-q \leq\frac{q|\Omega|B}{2\pi}\leq a_{0}$ (73)
. (69), (71), (73)
$a_{n} \mathit{2}a_{0}-b_{n-1}-q2\frac{q|\Omega|B}{2\pi}-q(n-1)-q=q(\frac{|\Omega|B}{2\pi}-n)$ (74)
. $n<[perp]\Omega B2\pi$ $a_{n}>0$ (i) .
, $L_{\theta}$ $H_{\theta}$ 1 $I=\{(2n-1)B\}$ (64)
,
II$(\{(2n-1)B\};H_{\theta})\geq \mathrm{V}(\{(2n -1)B\};H_{\theta}^{-})-2^{q}$
$\geq a_{n-1}-2q\geq q(\frac{|\Omega|B}{2\pi}-$ 1-77)
, (74) . (ii) . $\square$
[ ] ; $*$ ; ; III , , 1960
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